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Mass effects in the polarized virtual photon structure * 
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We discuss target mass effects in the polarized virtual photon structure functions gjix, Q^, P^), glix, Q^ , P^) 
for the kinematic region Is? <^ P^ <^ Q^, where —Q^{—P^) is the mass squared of the probe (target) photon. We 
obtain the expressions for the structure functions in closed form by inverting the Nachtmann moments for the 
twist-2 and twist-3 operators. Numerical analysis shows that target mass effects appear at large x and become 
sizable near the maximal value of x, as the ratio P /Q increases. Target mass effects for the sum rules of gj and 
(?2 are also discussed. 



1. INTRODUCTION 

We would like to talk about the virtual photon 
structure, especially on the mass effects in the 
polarized photon structure functions. In the last 
several years, there has been much interest in the 
spin-dependent photon structure functions which 
can be studied in the polarized version of the ep 
collider or more directly in the polarized e+e^ 
collision in the future linear collider (Figure. 1). 
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Figure 1. Two-photon process in polarized e+e^ 
collision 

Now let us consider the two-photon process 
in the polarized electron-positron collision where 
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both of the photons are off-shell. We particu- 
larly consider the case where the mass square of 
the "probe" photon, Q^, is much bigger than that 
of the "target" photon, P^, which is in turn much 
bigger than the square of the QCD scale, A^. The 
advantage for studying the virtual photon target 
in this kinematical region is that we can calculate 
whole structure functions gj and (72 in pertur- 
bative QCD up to next-leading-order (NLO), in 
contrast to the real photon target where there re- 
main uncalculable non-perturbative pieces. Note 
that the 1st moment of gJ is related to the ax- 
ial anomaly just like the nucleon case, while the 
second structure function 32 only exists for the 
virtual photon target {P^ ^ 0). 

Now the possible mass effects are twofold; 
target-mass effects and quark-mass effects. Here 
in this talk we discuss the former, which appear 
as power-corrections in P^/Q^. For the real pho- 
ton target (P^ = 0), there is no need to con- 
sider target mass corrections. But when the tar- 
get becomes off-shell and for relatively low values 
of Q^, contributions suppressed by powers of ^ 
may become important. Then we need to take 
into account these target mass contributions just 
like the case of the nucleon structure functions. 
The consideration of target mass effects (TME) 
is important by another reason. For the virtual 
photon target, the maximal value of the Bjorken 



variable x is not 1 but 
1 



1 



p2 



(1) 



due to the constraint {p + q)'^ > 0, which is con- 
trasted with the nucleon case where Xmax = 1- 
The structure functions should vanish at x = 
a^max- However, the NLO QCD result [1] for 
gJ{x,Q^, P^) (See also the second paper of [2]) 
shows that the predicted graph does not van- 



ish but remains finite at x 



In this 



talk we discuss the TME for gJ{x,Q^,P^) and 
glix, Q^, P^) in the framework of operator prod- 
uct expansion (OPE) supplemented by the renor- 
malization group (RG) method [3]. 

2. STRUCTURE FUNCTIONS 

Let us consider the structure tensor Wp,i,pr{p, q) 
which is the absorptive part of the forward scat- 
tering amplitude T^^p,- (p, q) (Figure 2): 



W^i^pr{p,q) = -lmTp^pr{p,q) . 

TT 

for the target photon with mass squared p^ 
_p2 pj-obed by the photon with q^ = —Q^. 



(2) 




Figure 2. Virtual photon-photon scattering 

The antisymmetric part WA„^ under ji ^^ v 
and p -i^ T, can be decomposed as 



A^ <T/3^ 



1 



Wp^pr = ep^^x^q epr^'^pfs^gl 



1 



+epi.\aq^{p ■ q epr'^'^pp - eprapp'^p" q"") " gl 

(3) 

which gives two spin-dependent structure func- 
tions, gl(x, Q^,P^) and g^{x, Q^,P^). When the 



target is real photon (P^ = 0), ^j is identically 
zero, and there exists only one spin structure 
function, gJ{x,Q'^). While, for the off-shell or 
virtual photon (P^ ^ 0) target, we have two spin- 
dependent structure functions gj and 92- 

The deep inelastic photon-photon scattering 
(Figure 2.) amplitude relevant for the polarized 
structure functions is given by 



== i / d'^xe"^-'' 



rpJ\ 

x{0\T{Ap{-p){Mx)MO))''Ar{p))\0)Arap. (4) 

For the product of the two electromagnetic cur- 
rents we apply the OPE and obtain for the /i-j^ 
antisymmetric part 

I f d^xe'''-^TiJpix).MO))^ 
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where R?2)i ^^'^ ^?3)i ^^^ *^^ twist-2 and twist- 
3 operators, respectively, and are both trace- 
less, and -E(^)j and EV^.- are corresponding coeffi- 
cient functions. The twist-2 operators R?2)i have 
totally symmetric Lorentz indices afii ■ ■ ■ fj,n-i, 
while the indices of twist-3 operators R%)i are to- 
tally symmetric among fJ-i ■ ■ ■ fJ-n-i but antisym- 
metric under a ^^ pn. 

For the photon target we evaluate ^^matrix ele- 
ments'^ of the traceless operators R?2)i ^^"^ -^^zM 
sandwiched by two photon states with momen- 
tum p, which are written in the following forms: 



{0\T{Ap{-p)Rl^f^-^Ar{p)m 



Amp 






(o|T(Ap(-p)i?;;^--^"-A.(p))|o)Amp 

(3)i (3)pT ' 



(6) 



(7) 



where the subscript 'Amp' stands for the amputa- 
tion of external photon lines, al^^ and al^^ are re- 
duced photon matrix elements. The traceless ten- 



sors MZ''"'""-' and m'"'^^^!-^-^^ 

(2)pT (3)pT 

traceless conditions for fc = 2,3: 



satisfy the 



9, 



afi 



M----- = o, g,.,,M-;;--=o. 



(8) 



Taking the ^^matrix elements" of (5) with the vir- 
tual photon states, we obtain the deep-inelastic 
photon-photon forward scattering amplitude. 

The basic idea for treating target mass correc- 
tions exactly is to take account of trace terms 
in the traceless tensors properly [4,5]. We evalu- 
ate the contraction between g^^ • • • q^„_-^ and the 
traceless tensors without neglecting any of the 
trace terms. The results are expressed in terms 
of Gegenbauer polynomials. 

3. NACHTMANN MOMENTS 

Now we follow the same procedures as were 
taken by Wandzura [6] and in Ref. [7] for the po- 
larized nucleon case, and we obtain the analytic 
expression of the Nachtmann moments [4] for the 
twist-2 and twist-3 operators with definite spin 
n. By writing down the dispersion relations for 
the amplitudes and with the use of orthogonal- 
ity relations as well as an integration formula for 
Gegenbauer polynomials Cn {rj), we project out 
Ei al^lE" and Ei alilE}".^ with definite spin 



n, which still include the infinite series in powers 
of P^/Q^. We then sum up those infinite series 
and express them in compact analytic forms [7]. 
Then we obtain the Nachtmann moments [3]: 



dx 
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gJ{x,Q',P') 
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n - 1 ^ ^ n + 1 Q2 

(n = 3,5,---), 



gli^,Q',P^) 



(10) 



where x = Q^ /{2p ■ q) and ^, the so-called £,- 
scaling variable [8] , is given by 
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2x 
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(11) 



The allowed range of ^ is < ^ < 1, and 
^(xmax) = 1- In the nucleon case, the constraint 
{p + qf > M^ gives Xmax = 1 and ^{x = 1) < 1, 
leading to the problem of non- vanishing structure 
function at x = 1. The resolution to this prob- 
lem was argued in refs. [8,11,15], by considering 
the dynamical higher-twist effects. M2 and M^ 
are perturbatively calculable. In fact, the pertur- 
bative QCD calculation of M2 has been done in 
LO [9] and in NLO [1,2], while the QCD analysis 
of M^ has been carried out in LO for the flavor 
non-singlet part in the limit of large Nc [10]. 

Once the moments M2 and M^ are known, 
we can derive gi{x, Q^, P"^) and glix, Q^ , P^) as 
functions of x by inverting Af^f and M^ as follows: 

gl{x,Q\P^) 
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g]{x,Q\P^) 
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(13) 



where k = P^ /Q^ and we have introduced the 
fohowing functions first discussed in ref. [f f]: 
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Figure 3. gJ{x,Q^,P^) with full TME (solid 
curve), with the first order TME (short-dashed 
curve) and without TME (dashed curve), for 
g2 = 30 and 10 GeV^ with P^ = 1 GeV^. 



In Figure 3, we have shown gj{x, Q^, P^) with 
TME as a function of x (solid curve) for Q^ = 30 
GcV^ (upper) with P2 = 1 GeV^ and for Q^ = 10 
GeV^ (lower) with P^ ^ 1 GcV^. The verti- 
cal axis is in units of 3Nf{e*)— \n{Q^ /P^), where 
a — e^/47r, the QED coupling constant, Nf is the 

number of active flavors, and (e*) = X]i=fi ^f /^f 
with Ci being the electric charge of ith flavor 
quark. Also plotted are gj {x , Q^ , P'^ ) without 
TME (dashed curve) and the one with TME in- 
cluded up to the first order in P'^/Q^ (short- 
dashed curve). We observe that the target mass 
effects appear between intermediate x and Xmax) 
and that the effects become sizable when the ratio 
P^/Q^ is increased. The distinction between the 
behaviors of gj with and without TME is remark- 
able near Xmax- We get Xmax ~ 0.97 for Q^ = 30 
GeV^ with P2 = 1 GcV2 and x^ax ~ 0.91 for 
Q2 = 10 GeV^ with P2 == 1 GeV^. The graphs of 
g^ with TME vanish at x^ax as they should. 

4. QCD SUM RULES WITH TME 

If TME is not taken into account, the polarized 
virtual photon structure function gJ{x,Q^,P^) 
satisfies the following sum rule [12,1]: 

r7^/ dxgJ{x,Q^P') = -—J2et + 0{as). 

(15) 

Note for the real photon target we have the van- 
ishing sum rule [13]. The right-hand side corre- 
sponds to the twist-2 contribution, and actually 
the first term is the consequence of the QED ax- 
ial anomaly. Now it will be interesting to see how 
this is modified when TME is included. 

Once the target mass corrections arc taken into 
account, the above sum rule is modified to the 
first Nachtmann moment, which reads 
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The 1st moment of gj with TME for the nucleon 
target was discussed in refs. [7,14]. The power- 
series expansion in P^/Q^ gives the first order 
TME, the difference of LHS's of (16) and (15): 



Ar'l = -{ ^Mr' + ^Mr' \ ^ 



-0{iP'/Q 



El 

2 lr^2\2\ 



(17) 



The 1st moment for gl without TME known as 
the Burkhardt-Cottingham sum rule [16]: 



( dx gl{x,Q^,P'^) = 
Jo 



(18) 



turns into the one with TME given by 

dx gl{x,Q^,P'^)^Q , (19) 



where the upper-hmit of the integration has 
changed from 1 to a;max- 

5. CONCLUSION 

To summarize we have studied the target mass 
effects in the virtual photon's spin structure func- 
tions, gJ{x,Q'^,P'^) and glix.Q"^ .P"^), which can 
be measured in the future experiments of the po- 
larized version of the ep or e^e~ colliders. The 
evaluation of kinematical target mass effects is 
considered to be important to extract dynamical 
higher- twist effects. 

We have derived the expressions for 
gJ{x,Q'^,P^) and g1{x,Q'^,P'^) in closed form by 
inverting the Nachtmann moments for the twist- 
2 and twist-3 operators. Our numerical analysis 
shows that the target mass effects appear at large 
X and become sizable near a;i„ax(= 1/(1 + ^))j 
as the ratio P^ jQ^ increases. 

Here we have also examined the target mass 
effects for the first-moment sum rules of g\ and 
(72 ■ For the kinematic region we consider, the cor- 
rections to the first moment of gl turn out to be 
negligibly small. The first moment of g\ leads to 
the Burkhardt-Cottingham sum rule, where only 
change exists in the upper limit of integration 

from 1 to Xmax- 

There still remain two important subjects to be 
studied. The first one is the quark-mass effects 



in g1 and gl^. The heavy fiavor contribution to 
g2{x,Q^) for the nucleon has been explored in 
ref.[17]. It would be intriguing to investigate the 
polarized photon case. Another subject yet to 
be studied is the transition from real to virtual 
photon, especially the 1st moment sum rule; how 
to reconcile the vanishing sum for the former with 
the non-vanishing one for the latter. 
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